Abstract. A generalized Black-Scholes model with random drift and volatility dependent on a parameter is studied in the paper. Sufficient conditions for the convergence of a sequence of prices of a European barrier option are established.
Introduction
Conditions for convergence of prices of a barrier option in the classical Black-Scholes model are studied in the paper [1] . In the current paper, we extend these results to the Black-Scholes model with random drift and volatility. Convergence of a sequence of prices of a European barrier call option is studied. One of the conditions needed for such a convergence is convergence of the finite-dimensional distributions of parameters of the model, namely convergence of the drift and volatility. The proof of the main results is based on theorems on weak convergence of stochastic integrals with respect to semimartingales obtained in the papers [2] and [3] .
The Black-Scholes model
Let (Ω, F, P) be a complete probability space with filtration {F t , t ≥ 0}. Consider a family of financial markets with continuous time in the interval [0, T ]. The prices of the riskless and risky assets are described by (1) B n (t) = exp t 0 r n (s) ds ,
respectively, where W = {W t , F t , t ≥ 0} is a Wiener process, S 0 n a positive constant, and μ = μ n (t), σ = σ n (t), and r n = r n (t) are adapted stochastic processes such that σ n is predictable and positive P-almost surely for all t ∈ [0, T ]; r n (t) ≥ 0; and all integrals in (1) are well defined, that is,
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Note that the discounted price process for the risky assets is given by
The limit behavior of prices of certain contingent claims for this model is of interest in view of applications to real financial markets. First we recall the definition of barrier options. A barrier option is either activated or extinguished only if the underlying reaches a predetermined level (the barrier).
The barrier options are path-dependent and come in various flavors and forms, that is, they are either knocked in or knocked out, and each of this form is defined for either American or European type options. The knock-out option becomes activated if the underlying does not reach a barrier. In contrast, the knock-in option becomes activated if the underlying breaks a barrier.
Consider a European call up-and-out option. The payoff at the moment T for each market belonging to the family mentioned above is equal to
where K n is the strike price and H n > S 0 n is the barrier. Consider measure P * n with Radon-Nikodym derivative dP * n
then P * n is a neutral measure, that is, P * n is a martingale measure for the discounted price process for a risky asset. In this case, the price of a contingent claim is equal to the expectation evaluated with respect to this measure.
Therefore, the price of a European type up-and-out option is given by
In what follows the symbol ⇒ stands for weak convergence of finite-dimensional distributions, while weak convergence of probability measures in the interval [0, T ] is denoted
Fix a countable and everywhere dense set I ⊂ R + in the interval [0, T ]. Let
By L T I , we denote the class of all sequences
Theorem 1.
Let the price processes for risky assets be defined by equalities (1) . Assume also that
Proof. The formula for the price of a barrier option can be rewritten in the following form:
The functionals
and
are continuous in the Skorokhod topology. In view of assumptions 2) and 5), weak convergence of probability measures generated by the processes
is implied by weak convergence of probability measures generated by the family of the following integrals:
This, in turn, follows from the weak convergence of probability measures corresponding to an arbitrary linear combination of the form
We use Theorem 5 of [2] , which provides sufficient conditions for convergence of stochastic integrals in the Skorokhod topology. First we rewrite (6) as an integral with respect to a two-dimensional semimartingale, namely
It is clear that one needs to check the conditions
in order to apply Theorem 5 of [2] , since assumptions 1)-3) of this theorem follow from (8)-(11).
First we prove relation (8):
The proof of relation (9) is analogous. Now we prove relation (10):
The first and fourth terms on the right hand side of the latter relation are equal to zero by assumption 4). Now we are going to prove that the second and third terms in the same sum are also vanishing.
Indeed, assumptions 3) and 4) imply that
The third term is considered analogously.
Therefore equality (10) is proved. Now we turn to the proof of equality (11). Using condition 4), we get
by Theorem 5 in [2] . Taking into account equality (7) and definition of ξ n (s) and X(s) we prove the weak convergence of the probability measures:
Equality (14) and assumptions 2) and 5) imply that
by Theorem 5.2 in [4] . Next we prove that the sequence in (15) is uniformly integrable. Put
We have
for some ε > 0 and C > 0. The latter expectation is uniformly bounded. This property can be checked by applying Hölder's inequality with p = 1/(1 − ε) and q = 1/ε. FInally, Theorem 5.4 of [4] completes the proof of the theorem.
It is worth mentioning that one can assume only the convergence in probability of r n , since the integral t 0 r n (s) ds is separated from other terms in the definition of the option price.
This gives us a modification of the preceding theorem.
Theorem 2. Suppose the price processes for risky assets are given by equalities (1).
Further, let assumptions 1), 5), and 6) of Theorem 1 hold. If 2 ) (μ n (t), σ n (t)), t ∈ T I ⇒ (μ 0 (t), σ 0 (t)), t ∈ T I , as n → ∞; 3 ) sup n≥0 E sup 0≤t≤T |y n (t)| < ∞ for all y ∈ μ, σ 2 , (μ/σ) 2 ; 4 ) lim δ→0 lim sup n→∞ E sup 0≤t<s≤t+δ≤T |z n (s) − z n (t)| = 0 for z =μ; 
